Exact time-dependent solutions of nonrelativistic noncommutative Chern -Simons gauge theory are presented in closed analytic form. They are different from (indeed orthogonal to) those discussed recently by Hadasz, Lindström, Roček and von Unge. Unlike theirs, our solutions can move with an arbitrary constant velocity, and can be obtained from the previously known static solutions by the recently found "exotic" boost symmetry.
Introduction
In [1] Hadasz et al. present a time dependent solution to noncommutative Chern-Simons gauge theory in 2+1 dimensions. They introduce the complex operators c = (2θ) −1/2 (x 1 − ix 2 ) and K = (2θ) −1/2 (X 1 − iX 2 ) where X i is the covariant position operator X i = x i − θǫ ij A j and θ is the noncommutative parameter. Then, generalizing the static onesoliton [2] , they posit the Ansatz
where κ denotes the Chern-Simons coupling constant, |ϕ > some normalized state, and z(t) = z 0 + vt. Expanding |ϕ > into the orthonormal basis of states |n z >= e zc † −zc |n >, they show that
where M is a constant can be a solution, provided the square of the velocity takes integer values, |v| 2 = N. (1.2) represents therefore a vortex moving with constant quantized speed.
In field theory, a natural way of producing new solutions from old ones is by a symmetry transformation. For example, in commutative Chern-Simons theory, boosting a static nonrelativistic vortex yields another one which moves with constant speed [3] . An infinitesimal boost, δ x = bt, is implemented according to
on the [scalar] matter field, supplemented with the transformations δA µ = L δ x A µ of the gauge field. For a finite (1.3) integrates to
The group acts hence through a 1-cocycle, Hadasz et al. [1] claim that their solution can not come from boosting the static solution of [2] since, they argue, Galilean invariance is broken in noncommutative field theory. But the Galilean symmetry can be restored by a suitable implementation [4] ; below we use this latter to construct new, time dependent vortex solutions.
An exact analytic solution
For the Ansatz (1.1) with z(t) = z 0 + vt, using ψ instead of ϕ, the equations of motion read
Now a straightforward calculation shows that
provides us with an exact, analytic solution, valid for any complex v. We find indeed that ψ(t) is an eigenstate of c and therefore of c − z(t) also,
As the time derivative of
upon using the Baker-Campbell-Hausdorff (BCH) formula. But c ψ = (z(t) − ivθ)ψ by (2.4), so that (2.2) holds also. Using twice the BCH formula, (2.3) is conveniently rewritten also as
Gauge covariant boosts
It has been common wisdom that (ordinary) boost invariance is broken in noncommutative field theory. Recently we have shown, however, that the Galilean invariance of NC gauge theory can be restored by implementing the boosts (infinitesimally) according to
1)
2)
These formulae look deceivingly similar to (1.3); they are different, though: here all quantities are operators, related to functions through the Weyl correspondence. The operator product understood here corresponds to the Moyal "star" product of functions. The first term in (3.1) corresponds, e. g., to right star-multiplication, φ ⋆ (i b · x), cf. [4] .
Owing to the operator commutation relation [x 1 , x 2 ] = −iθ, the boosts do not commute, but satisfy rather the "exotic" commutation relation of the two-fold centrally extended planar Galilei group [4, 5] , 4) as follows at once from (3.1). Finite boosts are represented according to
which looks again similar to (1.5), but the cocycle g( b; x, t) here is operator valued, and acts from the right by operator multiplication. Note that in terms of functions (3.5) would mean, by the Weyl correspondence,
, where exp ⋆ is the exponential w. r. t. the star product. With this implementation, the boosts act as symmetries : they carry any solution of the equations of motion into some (other) solution. But can either of the solutions be obtained in this way ? At first sight, the answer seems to be negative: a boost changes A 0 , while our Ansatz requires it to be fixed. This can easily be cured, though, if we supplement it with a suitable gauge transformation, namely by Λ = t b · A. This amounts to replacing (3.1)-(3.2)-(3.3) by gauge-covariant expressions [6] , i. e. bŷ
7)
where D i = ∂ i − iA i and the field-current identities κB = −φφ † and κE i = ǫ ik J k (which belong to the CS+ matter field equations [2, 4] ) were also used. Eq. (3.7) implies that δK = θt κ b φφ † . How does the Ansatz (1.1), behave with respect to our gauge-covariant boosts ? Using Kφ = z(t)φ and K † φ =z(t)φ, we find, putting b = (2θ)
completed withδK = tb|0 >< 0|. Hence
i. e., the boost parameter b merely adds to the velocity, as expected, while A 0 is indeed invariantδA 0 = 0. Finally, by (2.4),
3) and expanding to lowest order in b we obtain instead
To explain this result, let us remind that, in gauge-covariant framework, the commutators close up to gauge transformations [6] only. Using the Gauss constraint κB = −φφ † and the Ansatz (1.1), instead of (3.4) we find indeed
The first factor here is the vector product, already present in the "exotic" relation (3.4). The second factor is a remnant of the follow-up gauge transformation. From (3.6), the follow-up gauge transformation is indeed given, for a generic φ, by θt 2 (bv − bv)Bφ. Then using the Gauss constraint and (1.1), the second term in (3.13) follows.
Let us now turn to finite boosts. Exponentiating (3.10) we get
where the additional term in the first exponential was introduced by analogy with the ordinary case (1.4). Using the BCH formula and (2.4), (3.14) can also be presented as
We conclude that a finite boost acts on our solution (2.3) according tô
This provides us with the composition law for gauge-covariant boosts as acting on our moving vortex (2.3).
Chosing v = 0 in (3.15) yields furthermore that the moving solutions (2.3) can be obtained from the static one, ψ 0 of [2] , by a gauge-covariant boost, 
Comparision of the two types of solutions
The solution (1.2) of Hadasz et al. [1] depends on time through the factor e iαt , chosen so thatφ is orthogonal to ϕ. This yields some involved recursion relations for the coefficients d n in (1.2) that only allows |v| 2 = s 2 = N, an integer [1] . Our solution has instead e i(αt−θ|v| 2 t) cf. (2.5). To derive the consequences, let us put v = se iγ s ≥ 0, and expand into basis states, using
This allows us to present our solution in the form
Our expansion coefficients (θs) n obey a simple recursion relation, allowing our solution to have any velocity v.
What is the relation of the two types of solutions associated with the same quantized value |v| 2 = N of the velocity ? Due to the orthogonality of the |n z > states, putting d 0 = 1 and θ = 1, we find for their scalar product
which is just the value at ζ = √ N of the generating function determined by Hadasz et al.,
cf. # (3.29), (3.31) of Ref. [1] . But G( √ N ) = 0, so the two states are indeed orthogonal to each other ! We have found an exact time dependent analytic solution of noncommutative gauge theory. It represents a 1-soliton travelling with arbitrary constant speed, and can be obtained from the static 1-soliton by a gauge-covariant "exotic" boost. While finite gauge-covariant transformations are not in general known in closed form [6] , in our particular case we did find such an expression.
For the particular quantized values |v| 2 = N of the velocity, when both types of solutions exist, ours are orthogonal to those of Hadasz et al. [1] .
